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Exercise 2

Obtain (∇ · v), [∇× v], and ∇v in spherical coordinates, and [∇ · τ ] in cylindrical coordinates.

Solution

In spherical coordinates

∇ = δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δφ

1

r sin θ

∂

∂φ

and
v = δrvr + δθvθ + δφvφ.

The partial derivatives of δr, δθ, and δφ in spherical coordinates are given by equations A.7-6,
A.7-7, and A.7-8,

∂δr
∂r

= 0
∂δθ
∂r

= 0
∂δφ
∂r

= 0 (A.7-6)

∂δr
∂θ

= δθ
∂δθ
∂θ

= −δr
∂δφ
∂θ

= 0 (A.7-7)

∂δr
∂φ

= δφ sin θ
∂δθ
∂φ

= δφ cos θ
∂δφ
∂φ

= −δr sin θ − δθ cos θ. (A.7-8)

The Divergence of v

∇ · v =

(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δφ

1

r sin θ

∂

∂φ

)
· (δrvr + δθvθ + δφvφ)

= δr ·
∂

∂r
(δrvr + δθvθ + δφvφ)

+ δθ ·
1

r

∂

∂θ
(δrvr + δθvθ + δφvφ)

+ δφ ·
1

r sin θ

∂

∂φ
(δrvr + δθvθ + δφvφ)

= δr ·
(
∂δr
∂r

vr + δr
∂vr
∂r

+
∂δθ
∂r

vθ + δθ
∂vθ
∂r

+
∂δφ
∂r

vφ + δφ
∂vφ
∂r

)
+ δθ ·

1

r

(
∂δr
∂θ

vr + δr
∂vr
∂θ

+
∂δθ
∂θ

vθ + δθ
∂vθ
∂θ

+
∂δφ
∂θ

vφ + δφ
∂vφ
∂θ

)
+ δφ ·

1

r sin θ

(
∂δr
∂φ

vr + δr
∂vr
∂φ

+
∂δθ
∂φ

vθ + δθ
∂vθ
∂φ

+
∂δφ
∂φ

vφ + δφ
∂vφ
∂φ

)
Using equations A.7-6, A.7-7, and A.7-8, we get

∇ · v = δr ·
(
δr
∂vr
∂r

+ δθ
∂vθ
∂r

+ δφ
∂vφ
∂r

)
+ δθ ·

1

r

(
δθvr + δr

∂vr
∂θ
− δrvθ + δθ

∂vθ
∂θ

+ δφ
∂vφ
∂θ

)
+ δφ ·

1

r sin θ

[
δφ sin θvr + δr

∂vr
∂φ

+ δφ cos θvθ + δθ
∂vθ
∂φ

+ (−δr sin θ − δθ cos θ)vφ + δφ
∂vφ
∂φ

]
.
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Evaluate the three dot products.

∇ · v =
∂vr
∂r

+
1

r

(
vr +

∂vθ
∂θ

)
+

1

r sin θ

(
sin θvr + cos θvθ +

∂vφ
∂φ

)
Expand the terms.

∇ · v =
∂vr
∂r

+
vr
r

+
1

r

∂vθ
∂θ

+
vr
r

+
cos θ

r sin θ
vθ +

1

r sin θ

∂vφ
∂φ

Combine like-terms and factor.

∇ · v =
∂vr
∂r

+
2

r
vr +

1

r sin θ

(
sin θ

∂vθ
∂θ

+ cos θvθ

)
+

1

r sin θ

∂vφ
∂φ

Factor 1/r2 from the first two terms.

∇ · v =
1

r2

(
r2
∂vr
∂r

+ 2rvr

)
+

1

r sin θ

(
sin θ

∂vθ
∂θ

+ cos θvθ

)
+

1

r sin θ

∂vφ
∂φ

Using the product rule, we obtain the final result for the divergence of v in spherical coordinates.

∇ · v =
1

r2
∂

∂r
(r2vr) +

1

r sin θ

∂

∂θ
(vθ sin θ) +

1

r sin θ

∂vφ
∂φ

The Curl of v

∇× v =

(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δφ

1

r sin θ

∂

∂φ

)
× (δrvr + δθvθ + δφvφ)

= δr ×
∂

∂r
(δrvr + δθvθ + δφvφ)

+ δθ ×
1

r

∂

∂θ
(δrvr + δθvθ + δφvφ)

+ δφ ×
1

r sin θ

∂

∂φ
(δrvr + δθvθ + δφvφ)

= δr ×
(
∂δr
∂r

vr + δr
∂vr
∂r

+
∂δθ
∂r

vθ + δθ
∂vθ
∂r

+
∂δφ
∂r

vφ + δφ
∂vφ
∂r

)
+ δθ ×

1

r

(
∂δr
∂θ

vr + δr
∂vr
∂θ

+
∂δθ
∂θ

vθ + δθ
∂vθ
∂θ

+
∂δφ
∂θ

vφ + δφ
∂vφ
∂θ

)
+ δφ ×

1

r sin θ

(
∂δr
∂φ

vr + δr
∂vr
∂φ

+
∂δθ
∂φ

vθ + δθ
∂vθ
∂φ

+
∂δφ
∂φ

vφ + δφ
∂vφ
∂φ

)
Using equations A.7-6, A.7-7, and A.7-8, we get

∇× v = δr ×
(
δr
∂vr
∂r

+ δθ
∂vθ
∂r

+ δφ
∂vφ
∂r

)
+ δθ ×

1

r

(
δθvr + δr

∂vr
∂θ
− δrvθ + δθ

∂vθ
∂θ

+ δφ
∂vφ
∂θ

)
+ δφ ×

1

r sin θ

[
δφ sin θvr + δr

∂vr
∂φ

+ δφ cos θvθ + δθ
∂vθ
∂φ

+ (−δr sin θ − δθ cos θ)vφ + δφ
∂vφ
∂φ

]
.
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Evaluate the cross products.

∇× v = δφ
∂vθ
∂r
− δθ

∂vφ
∂r

+
1

r

(
−δφ

∂vr
∂θ

+ δφvθ + δr
∂vφ
∂θ

)
+

1

r sin θ

(
δθ
∂vr
∂φ
− δr

∂vθ
∂φ
− δθ sin θvφ + δr cos θvφ

)
Combine the like-terms.

∇× v = δr

(
1

r

∂vφ
∂θ
− 1

r sin θ

∂vθ
∂φ

+
cos θ

r sin θ
vφ

)
+ δθ

(
−
∂vφ
∂r

+
1

r sin θ

∂vr
∂φ
− 1

r
vφ

)
+ δφ

(
∂vθ
∂r
− 1

r

∂vr
∂θ

+
1

r
vθ

)
Factor the expressions.

∇× v = δr

[
1

r sin θ

(
sin θ

∂vφ
∂θ

+ cos θvφ

)
− 1

r sin θ

∂vθ
∂φ

]
+ δθ

[
−1

r

(
r
∂vφ
∂r

+ vφ

)
+

1

r sin θ

∂vr
∂φ

]
+ δφ

[
1

r

(
r
∂vθ
∂r

+ vθ

)
− 1

r

∂vr
∂θ

]
Using the product rule, we obtain the final result for the curl of v in spherical coordinates.

∇× v =
δr

r sin θ

[
∂

∂θ
(vφ sin θ)−

∂vθ
∂φ

]
+

δθ
r

[
− ∂

∂r
(rvφ) +

1

sin θ

∂vr
∂φ

]
+

δφ
r

[
∂

∂r
(rvθ)−

∂vr
∂θ

]
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The Gradient of v

∇v =

(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δφ

1

r sin θ

∂

∂φ

)
(δrvr + δθvθ + δφvφ)

= δr
∂

∂r
(δrvr + δθvθ + δφvφ)

+ δθ
1

r

∂

∂θ
(δrvr + δθvθ + δφvφ)

+ δφ
1

r sin θ

∂

∂φ
(δrvr + δθvθ + δφvφ)

Apply the product rule.

= δr

(
∂δr
∂r

vr + δr
∂vr
∂r

+
∂δθ
∂r

vθ + δθ
∂vθ
∂r

+
∂δφ
∂r

vφ + δφ
∂vφ
∂r

)
+

δθ
r

(
∂δr
∂θ

vr + δr
∂vr
∂θ

+
∂δθ
∂θ

vθ + δθ
∂vθ
∂θ

+
∂δφ
∂θ

vφ + δφ
∂vφ
∂θ

)
+

δφ
r sin θ

(
∂δr
∂φ

vr + δr
∂vr
∂φ

+
∂δθ
∂φ

vθ + δθ
∂vθ
∂φ

+
∂δφ
∂φ

vφ + δφ
∂vφ
∂φ

)
Using equations A.7-6, A.7-7, and A.7-8, we get

∇v = δr

(
δr
∂vr
∂r

+ δθ
∂vθ
∂r

+ δφ
∂vφ
∂r

)
+

δθ
r

(
δθvr + δr

∂vr
∂θ
− δrvθ + δθ

∂vθ
∂θ

+ δφ
∂vφ
∂θ

)
+

δφ
r sin θ

[
δφ sin θvr + δr

∂vr
∂φ

+ δφ cos θvθ + δθ
∂vθ
∂φ

+ (−δr sin θ − δθ cos θ)vφ + δφ
∂vφ
∂φ

]
.

Distribute the unit vectors.

∇v = δrδr
∂vr
∂r

+ δrδθ
∂vθ
∂r

+ δrδφ
∂vφ
∂r

+ δθδr

(
1

r

∂vr
∂θ
− 1

r
vθ

)
+ δθδθ

(
1

r
vr +

1

r

∂vθ
∂θ

)
+ δθδφ

1

r

∂vφ
∂θ

+ δφδr

(
1

r sin θ

∂vr
∂φ
− 1

r
vφ

)
+ δφδθ

(
1

r sin θ

∂vθ
∂φ
− cos θ

r sin θ
vφ

)
+ δφδφ

(
1

r
vr +

cos θ

r sin θ
vθ +

1

r sin θ

∂vφ
∂φ

)
Factoring, we obtain the final result for the gradient of v in spherical coordinates.

∇v = δrδr
∂vr
∂r

+ δrδθ
∂vθ
∂r

+ δrδφ
∂vφ
∂r

+
δθδr
r

(
∂vr
∂θ
− vθ

)
+

δθδθ
r

(
vr +

∂vθ
∂θ

)
+

δθδφ
r

∂vφ
∂θ

+
δφδr
r

(
1

sin θ

∂vr
∂φ
− vφ

)
+

δφδθ
r sin θ

(
∂vθ
∂φ
− vφ cos θ

)
+

δφδφ
r

[
vr +

1

sin θ

(
vθ cos θ +

∂vφ
∂φ

)]
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The Divergence of τ

In cylindrical coordinates

∇ = δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δz

∂

∂z

and

τ = δrδrτrr + δrδθτrθ + δrδzτrz

+ δθδrτθr + δθδθτθθ + δθδzτθz

+ δzδrτzr + δzδθτzθ + δzδzτzz.

The partial derivatives of δr, δθ, and δz in cylindrical coordinates are given by equations A.7-1,
A.7-2, and A.7-3,

∂δr
∂r

= 0
∂δθ
∂r

= 0
∂δz
∂r

= 0 (A.7-1)

∂δr
∂θ

= δθ
∂δθ
∂θ

= −δr
∂δz
∂θ

= 0 (A.7-2)

∂δr
∂z

= 0
∂δθ
∂z

= 0
∂δz
∂z

= 0. (A.7-3)

∇ · τ =

(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δz

∂

∂z

)
· (δrδrτrr + δrδθτrθ + δrδzτrz

+ δθδrτθr + δθδθτθθ + δθδzτθz

+ δzδrτzr + δzδθτzθ + δzδzτzz)

= δr ·
∂

∂r
(δrδrτrr + δrδθτrθ + δrδzτrz + δθδrτθr + δθδθτθθ + δθδzτθz + δzδrτzr + δzδθτzθ + δzδzτzz)

+
δθ
r

· ∂
∂θ

(δrδrτrr + δrδθτrθ + δrδzτrz + δθδrτθr + δθδθτθθ + δθδzτθz + δzδrτzr + δzδθτzθ + δzδzτzz)

+ δz ·
∂

∂z
(δrδrτrr + δrδθτrθ + δrδzτrz + δθδrτθr + δθδθτθθ + δθδzτθz + δzδrτzr + δzδθτzθ + δzδzτzz)

Apply the product rule.
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∇ · τ = δr ·
(
∂δr
∂r

δrτrr + δr
∂δr
∂r

τrr + δrδr
∂τrr
∂r

+
∂δr
∂r

δθτrθ + δr
∂δθ
∂r

τrθ + δrδθ
∂τrθ
∂r

+
∂δr
∂r

δzτrz + δr
∂δz
∂r

τrz + δrδz
∂τrz
∂r

+
∂δθ
∂r

δrτθr + δθ
∂δr
∂r

τθr + δθδr
∂τθr
∂r

+
∂δθ
∂r

δθτθθ + δθ
∂δθ
∂r

τθθ + δθδθ
∂τθθ
∂r

+
∂δθ
∂r

δzτθz + δθ
∂δz
∂r

τθz + δθδz
∂τθz
∂r

+
∂δz
∂r

δrτzr + δz
∂δr
∂r

τzr + δzδr
∂τzr
∂r

+
∂δz
∂r

δθτzθ + δz
∂δθ
∂r

τzθ + δzδθ
∂τzθ
∂r

+
∂δz
∂r

δzτzz + δz
∂δz
∂r

τzz + δzδz
∂τzz
∂r

)
+

δθ
r

·
(
∂δr
∂θ

δrτrr + δr
∂δr
∂θ

τrr + δrδr
∂τrr
∂θ

+
∂δr
∂θ

δθτrθ + δr
∂δθ
∂θ

τrθ + δrδθ
∂τrθ
∂θ

+
∂δr
∂θ

δzτrz + δr
∂δz
∂θ

τrz + δrδz
∂τrz
∂θ

+
∂δθ
∂θ

δrτθr + δθ
∂δr
∂θ

τθr + δθδr
∂τθr
∂θ

+
∂δθ
∂θ

δθτθθ + δθ
∂δθ
∂θ

τθθ + δθδθ
∂τθθ
∂θ

+
∂δθ
∂θ

δzτθz + δθ
∂δz
∂θ

τθz + δθδz
∂τθz
∂θ

+
∂δz
∂θ

δrτzr + δz
∂δr
∂θ

τzr + δzδr
∂τzr
∂θ

+
∂δz
∂θ

δθτzθ + δz
∂δθ
∂θ

τzθ + δzδθ
∂τzθ
∂θ

+
∂δz
∂θ

δzτzz + δz
∂δz
∂θ

τzz + δzδz
∂τzz
∂θ

)
+ δz ·

(
∂δr
∂z

δrτrr + δr
∂δr
∂z

τrr + δrδr
∂τrr
∂z

+
∂δr
∂z

δθτrθ + δr
∂δθ
∂z

τrθ + δrδθ
∂τrθ
∂z

+
∂δz
∂z

δzτrz + δr
∂δz
∂z

τrz + δrδz
∂τrz
∂z

+
∂δθ
∂z

δrτθr + δθ
∂δr
∂z

τθr + δθδr
∂τθr
∂z

+
∂δθ
∂z

δθτθθ + δθ
∂δθ
∂z

τθθ + δθδθ
∂τθθ
∂z

+
∂δθ
∂z

δzτθz + δθ
∂δz
∂z

τθz + δθδz
∂τθz
∂z

+
∂δz
∂z

δrτzr + δz
∂δr
∂z

τzr + δzδr
∂τzr
∂z

+
∂δz
∂z

δθτzθ + δz
∂δθ
∂z

τzθ + δzδθ
∂τzθ
∂z

+
∂δz
∂z

δzτzz + δz
∂δz
∂z

τzz + δzδz
∂τzz
∂z

)
= δr ·

(
δrδr

∂τrr
∂r

+ δrδθ
∂τrθ
∂r

+ δrδz
∂τrz
∂r

+ δθδr
∂τθr
∂r

+ δθδθ
∂τθθ
∂r

+ δθδz
∂τθz
∂r

+ δθδz
∂τθz
∂r

+δzδr
∂τzr
∂r

+ δzδθ
∂τzθ
∂r

+ δzδz
∂τzz
∂r

)
+

δθ
r

·
(
δθδrτrr + δrδθτrr + δrδr

∂τrr
∂θ

+ δθδθτrθ − δrδrτrθ + δrδθ
∂τrθ
∂θ

+ δθδzτrz + δrδz
∂τrz
∂θ

− δrδrτθr + δθδθτθr + δθδr
∂τθr
∂θ
− δrδθτθθ − δθδrτθθ + δθδθ

∂τθθ
∂θ
− δrδzτθz

+ δθδz
∂τθz
∂θ

+ δzδθτzr + δzδr
∂τzr
∂θ
− δzδrτzθ + δzδθ

∂τzθ
∂θ

+ δzδz
∂τzz
∂θ

)
+ δz ·

(
δrδr

∂τrr
∂z

+ δrδθ
∂τrθ
∂z

+ δrδz
∂τrz
∂z

+ δθδr
∂τθr
∂z

+ δθδθ
∂τθθ
∂z

+ δθδz
∂τθz
∂z

+ δθδz
∂τθz
∂z

+δzδr
∂τzr
∂z

+ δzδθ
∂τzθ
∂z

+ δzδz
∂τzz
∂z

)
,
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where we used equations A.7-1, A.7-2, and A.7-3 to simplify the derivatives of the unit vectors.
Now proceed with evaluating the dot products. The unit vectors outside the parentheses dot the
first unit vector in each dyad.

∇ · τ = δr
∂τrr
∂r

+ δθ
∂τrθ
∂r

+ δz
∂τrz
∂r

+
1

r

(
δrτrr + δθτrθ + δzτrz + δθτθr + δr

∂τθr
∂θ
− δrτθθ + δθ

∂τθθ
∂θ

+ δz
∂τθz
∂θ

)
+ δr

∂τzr
∂z

+ δθ
∂τzθ
∂z

+ δz
∂τzz
∂z

Factor each of the unit vectors.

= δr

(
∂τrr
∂r

+
τrr
r

+
1

r

∂τθr
∂θ
− τθθ

r
+
∂τzr
∂z

)
+ δθ

(
∂τrθ
∂r

+
τrθ
r

+
τθr
r

+
1

r

∂τθθ
∂θ

+
∂τzθ
∂z

)
+ δz

(
∂τrz
∂r

+
τrz
r

+
1

r

∂τθz
∂θ

+
∂τzz
∂z

)
= δr

[
1

r

(
r
∂τrr
∂r

+ τrr

)
+

1

r

(
∂τθr
∂θ
− τθθ

)
+
∂τzr
∂z

]
+ δθ

(
∂τrθ
∂r

+ 2
τrθ
r
− τrθ

r
+
τθr
r

+
1

r

∂τθθ
∂θ

+
∂τzθ
∂z

)
+ δz

[
1

r

(
r
∂τrz
∂r

+ τrz

)
+

1

r

∂τθz
∂θ

+
∂τzz
∂z

]
Use the product rule to write the formula compactly.

= δr

[
1

r

∂

∂r
(rτrr) +

1

r

(
∂τθr
∂θ
− τθθ

)
+
∂τzr
∂z

]
+ δθ

[
1

r2

(
r2
∂τrθ
∂r

+ 2rτrθ

)
+
τθr − τrθ

r
+

1

r

∂τθθ
∂θ

+
∂τzθ
∂z

]
+ δz

[
1

r

∂

∂r
(rτrz) +

1

r

∂τθz
∂θ

+
∂τzz
∂z

]
Therefore, the divergence of τ in cylindrical coordinates is

∇ · τ = δr

[
1

r

∂

∂r
(rτrr) +

1

r

(
∂τθr
∂θ
− τθθ

)
+
∂τzr
∂z

]
+ δθ

[
1

r2
∂

∂r
(r2τrθ) +

τθr − τrθ
r

+
1

r

∂τθθ
∂θ

+
∂τzθ
∂z

]
+ δz

[
1

r

∂

∂r
(rτrz) +

1

r

∂τθz
∂θ

+
∂τzz
∂z

]
.

www.stemjock.com


